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Abstract

Estimation of suspended and bed sediment load transferred by
streamflow is important for planning and storing water in dam
reservoirs, watershed management, coastal and environment
protection. In this study, multivariate frequency analysis was
performed between the maximum annual values of flood
discharge, suspended sediment load and bed sediment load in
Sierra Karaj hydrometric station with different copula
functions. The common time period between the variables of
suspended sediment load and bed sediment load was
determined from the water year of 2009-2010 to 2019-2020.
The results showed that the best copula functions in the
analysis of dependency between the variables of flood
discharge-suspended sediment load, flood discharge-bed
sediment load and suspended sediment load-bed sediment load
are Tawn, Shih-Louis and Gaussian, respectively. The results
showed that for the joint return period equal to 10 years for the
“OR” scenario, the values of flood discharge, suspended
sediment load and bed sediment load are respectively equal to
125 cubic meters per second, 100 thousand tons per day and
2500 tons per day. Maximum probability of occurrence of
suspended sediment load and bed sediment load for joint return
period equal to 10 years for “AND” scenario are equal to
45000 tons per day and 1500 tons per day, respectively.
According to the "AND" scenario for the joint return period,
the multivariate design quantiles of the suspended and bed
sediment loads are smaller than the univariate quantiles.
Therefore, ignoring the correlation between suspended and bed
sediment load and flood discharge may significantly
overestimate the actual sediment value and, consequently,
overestimate the corresponding occurrence probability.
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Table 2- Used copula functions (Sadegh et al., 2018)
(Sadegh et al., 2018) s3liiw! 3 )90 i Juado aulgi —Y Jou

Name Mathematical Description Palgameter
ange
Caussi f“’_l‘“)f“’_“v) L (ZGXY —x%— yz) dd
aussian » . i 2(1 =07 y Be[—1,1]
—1 —1
o J'tez(u) J'tez(v) r'((0, +2)/2) ( X2 =200 +y® g [—1,1]
o o T(8,/2) MO,[1 — 62 2(1-6% 0, €(0, )
Clayton max (u=® +v~0—1,0)7%/9 Be[—1,00) \ 0
11 14 (exp(—6u) — 1) (exp(—6v) — 1)
Frank ™ exp(—0) — 1 BeR\O
1/6
Gumbel exp {—[(—ln W° + (=In (v))°] } 0 €[1,0)
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Ali-Mikhail- d
Haq (AMH) 1-06(1—w@-v) Bel[-1,1)
1
Joe 1- [(1—u)9+ (1-v)® - (1—u)e(1—v)e]§ Be[1,0)
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( 1-9 1 (i6_yie
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Raftery 4 1+ o 1 0¢el0,1]
| 1-0 o) o
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{ (1 =0)uv + 8 min(u,v), if 8 € (0, )
Shih-Louis 1+0uv+6(u+v—-—1D¥(u+v-1), if6e(—oo,0]
Y@ =1ifa=0and¥(a)=0 ifa<0
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Linear- 4 [v+08(1—v)]u, ifu<wvand8e[0,1] 0e[-1,1]
Spearman (1+0)uy, ifu+v<1and®e[-1,0] ’
k uv+0(1—u)(1—v), ifu+v > 1and06¢e[—1,0]
Cubic uw [14+0(u—1)(v—1)Q2u—-1)2v—-1)] 0e[—1,2]
Burr utv—14[1-uw) Y+ 1 —v) O —1]" 0 €(0, )
-1 [exp(—6u) — 1][exp(—6v) — 1]
Nel —
elsen 5 log{l + exp(—0) — 1 0 €(0, )
Galambos uvexp {(=In(w)~® + (= In(v))~*}"° 0 [0, o)
Marshall-Olkin min[u~®0y, uv(1-62)] 0,,0,¢€[0,0)
Fischer- i 1/0 0,€[0,1]
Hinzmann {6:[min(u, v)]% + (1 - 8;)[uv]®2} " BzeR
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Roch-Alegre
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Table 3- Results of Kendall T and Spearman rho statistics in correlation between different variables
lieo (W pakio (o (Somnod 33 (w0 ! THO g JINS T (b0, lo] g lis - Jgua

Correlation

Significant at

Variables Correlation type Coefficient p-value 5067
Kendall rank 0.370 0.0019 Yes

Qw-Qss
Spearman'’s rank-order 0.528 0.0011 Yes
Kendall rank 0.575 0.0088 Yes

Qw-Qbs
Spearman's rank-order 0.720 0.0110 Yes
Kendall rank 0.636 0.0032 Yes

Qss-Qbs
Spearman's rank-order 0.797 0.0032 Yes
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Table 4- Fitting of statistical distribution functions on the maximum annual variables of flood discharge,
suspended and bed sediment load

o 9 Blre Slgw s, (o (93 a¥lw S81as (G paxio 1 (5 bl &0595 @lg 5931, —F Jgsa

. . o %2 test K-S test
Variable Fitted distribution — — — —
Statistic Critical value Statistic  Critical value
(cms) Qw Rayleigh 0.96 7.81 0.14 0.23
Qss (ton/day) Inverse gaussian 4.03 9.48 0.19 0.23
Qbs (ton/day) Loglogistic 0.35 3.84 0.19 0.36
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Fig. 2- Marginal distribution fitted to the maximum annual values of flood discharge (a), suspended sediment
load (c) and bed sediment load (e), comparison of emprical probability and probability fitted to flood
discharge (b), suspended sediment load (d) and bed sediment load (f)
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Table 5- Statistical indices of the used copula functions in the dependence analysis between different
variables

Cilises 5L paie oyt (Siwnaly Jalbdi 4> 03l 3590 b @ilei (5] (S yas L —0 Joua

Qw-Qss Qw-Qbs Qss-Qbs

Copula Name
RMSE NSE RMSE NSE RMSE NSE
Gaussian 0.104 0.9953 0.1088 0.9805 0.0682 0.9939
t 0.1038 0.9953 0.0892 0.9869 0.068 0.9939
Clayton 0.1427 0.9912 0.1091 0.9804 0.0792 0.9918
Frank 0.101 0.9956 0.1122 0.9793 0.082 0.9912
Gumbel 0.1071 0.995 0.1092 0.9804 0.0758 0.9925
Independence 0.4169 0.9246 0.4162 0.7148 0.4311 0.7566
AMH 0.1667 0.9879 0.2329 0.9107 0.243 0.9226
Joe 0.1284 0.9928 0.1107 0.9798 0.0962 0.9879
FGM 0.2177 0.9794 0.3 0.8518 0.3032 0.8796
Plackett 0.0994 0.9957 0.1237 0.9748 0.0834 0.9909
Cuadras-Auge 0.1097 0.9948 0.0976 0.9843 0.0907 0.9892
Raftery 0.1546 0.9896 0.1088 0.9805 0.083 0.991
Shih-Louis 0.1167 0.9941 0.0926 0.9859 0.0864 0.9902
Linear-Spearman 0.1167 0.9941 0.0926 0.9859 0.0864 0.9902
Cubic 0.4022 0.9298 0.3978 0.7395 0.4106 0.7792
Burr 0.1242 0.9933 0.1088 0.9805 0.0958 0.988
Nelsen 0.101 0.9956 0.1122 0.9793 0.082 0.9912
Galambos 0.1079 0.995 0.1092 0.9804 0.0756 0.9925
Marshal-Olkin 0.0985 0.9958 0.0947 0.9852 0.0756 0.9925
Fischer-Hinzmann 0.1094 0.9948 0.0889 0.987 0.0831 0.991
Roch-Alegre 0.103 0.9954 0.1088 0.9805 0.0672 0.9941
Fischer-Kock 0.2179 0.9794 0.3 0.8518 0.3032 0.8796
BB1 0.1048 0.9952 0.1053 0.9818 0.0631 0.9948
BB5 0.1071 0.995 0.1088 0.9805 0.0756 0.9925
Tawn 0.0929 0.9963 0.0949 0.9852 0.074 0.9928

1o e o o) o lowd (edadd Jlu (ol ! O gl Ol
Volume 17, No. 1, Spring 2021 (IR-WRR)

oY



TAWN SHIH-LOUIS
x10° P(X<x,Y<y) P(X<x,Y<y)
3 (2) 800D (b)
257 o ]
— — 6000
i, :
r =
= = 5000
2 2
" 15 o 4000 |
u £
< o 3000 \
1 \ 1 o 0.9
! \ T s -
0.5 | . - 1000 k—‘
o] Ll dsl AN gane b
= L B 40 60 80 100 120 140 '
20 40 60 80 100 120 140
Qw (cms)
Qw (ems)
GAUSSIAN
P(X<x,Y<y)
8000 (e)
7000
= 6000
[1+]
z
é 5000
o 4000
a .
3000
048
2000 8| k
1000 05 —- - 0.8
0.5 1 1.5 2 25 3
%10°

Qss (ton/day)

Fig. 3- Dependence structure of flood discharge-suspended sediment load (a), flood discharge-bed sediment
load (b) and suspended sediment load-bed sediment load (c)
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Fig. 4- Probability isolines of flood discharge - suspended sediment load (a), flood discharge - bed sediment
load (b) and suspended sediment load - bed sediment load (c)
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Table 7- Univariate and Bivariate quantile values of peak suspended sediment load (Qss), peak flood
discharge (Qw) and peak bed sediment load (Qbs) for different return periods with “AND” scenario
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